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1 Math Review!

1.1 Definitions on Convergence

e Convergence in Probability
Definition 1-1: z,, converges in probability to a constant c if and only if Ve > 0,

lim Pr(w: ||z, (w) —z(w)||>e)=0

n—oo

or equivalently
lim Pr(w: ||z, (w) —z(w)||<e)=1

n—oo
we then write

p
Ty — C

orp lim x, =c

n—oo

Another equivalent definition is
Definition 1-2: A sequence of random variables x, converges to a constant u in probability if
for all € >0,

lim Pr(|z, —pul >e)=0

n—oo

e Convergence in Distribution

Definition 2-1: z,, converges in distribution (or in law or weakly) to a random variable x with
cdf F(x) if and only if F, (z) converges to F (z)i.e., im, o |F, (z) — F(z)| = 0 at each
continuity point of F (x). we then write

d
Ty — T

Definition 2-2: Let the cdf F, (x) of the random variable x,, depend on n, n=1,2,.... If F (y)
is a distribution function and if lim,_ . F, (x) = F (x) for every continuity point fo F (x), then
the sequence of random variables x1, s, ... is said to converge in distribution to a random variable
with distribution function F (x). We sometimes call F (z) the limiting distribution.

Definition 2-3: A sequence of random variables x1, T2, ...converges in distribution to a random
variable x if at all continuity points of F, (z),

lim F, (x)=F,(z)

1.2 Rules for Limiting Distribution
1. if 2 2 and plimy, =y, then

d
TnlYn — CT

d
Ty +Yn > T +C

Ty > wfc, if ¢#£0

!See Chapter 3 of Econometric Analysis (Fourth Edition) by W. H. Greene in detail.




2. Slutsky Theorem

If x, converges in distribution to a random variable x and y, converges in probability to
a constant ¢, for a continuous function g (-), then

g () 5 g ()
plimg (y,) = g (plimy,) = g (y)

1.3 Central Limit Theorem (CLT)

Let x1,xa,...be a sequence of independent and identically distributed (iid) random variables with
common finite mean p and common finite variance o2, then

L
\/ﬁi 1
Vi (T, — 1) 5 N (0,02)

(x; — np) 4N (0,0?)

NE

o n
where X,, = % > X
i=1

1.4 Delta Method

If a sequence of random variables X,, satisfies

Vi (X, — p) 5 N (0,07)

then for any continuity differentiable function g (-) with derivative ¢’ (-),
d 2
Vn(g(Xn) —g(n) =N (0, (" (1)) 02)

1.5 GLS Review

The original regression equation is
y=XB+e¢

where
E(u)=0 and E (,uuT =0%Q)

and o2 is un known and Q is known. If Q # I (The I matrix means the errors have constant
variance and are non-correlated). Suppose that € is a positive definition symmetric matrix, then

it can be factored out
Q=cAcT

where the columns of C are the characteristic vectors of €2 and the characteristic roots of €2 are
arrayed into the diagonal matrix A.
Generalized least squares minimizes

(y— X" (y— XB)

which is solved by
S(XT X)Xy



Since we can write PT = CA~1/2 so that Q! = PT P, where P is a triangular matrix using the
Choleski Decomposition, we have

y-XB) Q' y—XB) = (y—XB)" PTP(y—XB)
= (Py—PXB)" (Py— PXp)

So GLS is like regressing PX on Py.Furthermore

y = XP+e¢
Py = PXpB+ Pe

So we have a new regression equation y* = X*f + £* where if we examine the variance of the
new errors €*, we have

Var (%) = Var (Pe) = PVar (¢) PT = Po*QPT = 0?1

Hence, the classical regression model applies to this transformed model. In the classical model,
OLS is efficient.

o~k

* *71* *
Bors = (XXx*) Xy

XTPTPX) " XTPT Py

I
—~~ —~

So you can view OLS as one kind of GLS which uses a weighting matrix I instead of P.
Properties of GLS:

o E(c*|X*) =0, Bgyg is unbiased
° BGLS 18 consistent

o Barg is efficient. The GLS is the minimum variance unbias estimator in the generalized
Tegression.



2 OLS with Endogenous Variables

2.1 Classical Linear Regression Model

The regression equation is
y=XB+¢

and satisfies the following four assumptions of Classical Regression Model
1. X is n x K with rank K
2. X is a nonstochastic matriz
3. E(e]X)=0
4. Var (e|X) = o*I

Based on the assumptions, the estimator B of B is

BOLS = (XTX)_1 Xty

The Properties of the Least Squares Estimator
Property 1: [,g s an unbiased estimator for 3

E(BorslX) = B((X7X) xTylX)
= (XTX)'XTE (y|X)
= (XTX)'XTXxB
= B

Property 2:
Var (BOLS\X) = o2 (XTx)"

Var (BOLS\X) = Var ((XTX)’1 XTy\X)
= (X"X) XTVar (y|X) X (X7X)
— (XTX) ' XTe’LX (XTX)
= 2 (XTx) XTX (XTx)"
- 2(xTx)"
Note that the variance-covariance matriz is K x K.

Property 3: The OLS estimator is the Beat Linear Unbiased Estimator of 8 (BLUE) condi-
tionally on X, i.e., OLS is efficient in the class of linear unbiased estimators.



2.2 Least Square Estimator with Endogenous Regressors

When the regressors are endogenous, we have the 3’th assumption departure from Classical Linear
Regression Model.

y=XB+e, but E(eX)#0= E(g|X)#0

then the Property of BLUE will not happen.
With the endogenous regressors,

Bors = (XTX)_1 XMy
(XTX) ' X7 (XB+e)
B+ (XTX) T XTe

-1 —1
~ 1 1
plim Borg =0+ (p lim XTX> <p lim XTe)

n—n n—m n n—n M
By WLLN,
o1 R~
plim SXTX = plim 5D vl = Bnal) =

1 1L
p lim ZXTe = phmf;m&':E(mifi):ZXE

n—mmn n—n n 4

where x; is the ith column of the matrix X. But F (z;¢;) # 0, therefore

~ -1
p lim Bops =6+ ZXX er # B
BOLS is not consistent for 3.

Method of Moments Interpretation of the Least-Square Problem
The Least-Square solves:

n

0= %XT (y—XBOLS) = %Zzz (yz *%:TBOLS)

i=1

But in the population
E (»’Uz (yl - »’%TBOLs)) = E(z€:) #0

so it is as if we were using the wrong moments conditions. That is, the analogy principle does
not hold. The sample moments do not have population counterparts.

3 Examples of Endogenous Variables

1. Measurement Errors;
True Model:

yi=a+ Pz +u;



but z; is not observed. Instead, we observe x;, where
T, = zZ; +v;

Assume that (u;,v;) ~ d (0,Y), i.e.,

Var (u;) = o111
Var (Uz) = 0922
Cov (us,v;) = o012

Also, E (u;) = E (v;) = 0 and (u;,v;) is independent of z.

Substituting z; for z; in the first stage gives

Yi = OLI+B(ZL’17UZ)+UZ
= o+ B+ (u; — fv;)
= a;+ Bzt

where g; = u; — Bv;.
It follows that
E (zig;) = E((zi +vi) (u; — Buy))

= F (ziui — 2ziPv; + viu; — ﬂvf)
= E(vu;)—BE (022)

= 019 — foge # 0, in general.

. Omitted Variables;
True Model:

yi =] B+ 2] 7 +ei, e ~iid (0,07)
where ¢; is independent of z; and z;.

Suppose that z; is unobserved, so that we consider the model (short regression)
yi =) B+ug, up=¢c;+2z 7
Hence,
E(ziwi)) = FE(z;(ei+ zzT’y))
E(zie;))+ FE (miziTv)
= 0+F (xlle ) 07
# 0, in general.

. Simultaneous Equations (Two quantities are jointly determined by one another’s value.
Here, joint determination of Price and Quantity)

Demand equation:
@ =x{ B+ap +e (@ <0)

Inverse Supply equation:
pe =z v+ g +n, (6>0)

Assume that E () = E(n,) = 0 and (&, 7,) are independent of x; and z;.



For the demand equation:

E(pier) = FE ((ZtT’V +0q: + 77t) Et)

6E (qiee) + E (n,e4)

= 0F ((xtTB + apy + &) &) + E (n,e)
= SaF (pies) + 602 + o012

4 Estimation of Regression with Endogenous Regressors

We first introduce IV estimation, then weighted IV estimation and represent weighted IV esti-
mator from different respects of kinds of regressions like 2SLS, GLS or 3SLS, e.t.c.
The number of instruments needs to be at least as large as the number of endogenous variables.

(1) IV for Just-Identified

a. IV Estimator for Just Idenfitied Case
b. Method of Moments

c. Asy. Properties of IV

(2). IV for Over-Identified

a. Instrumental Variables

b. Weighted IV Estimator

c. Asy. Properties of Weighed IV Estimator

d. Choice of the Optimal Weighting Matrix
GMM Representation of Weighed IV
GLS Representation of Weighted IV
2SLS Representation of Weighted IV
3SLS (Feasible 2SLS)

(1) Just Identified Case

What is the just means the number of instruments equals to the number of endogenous variables.
Given the regression equation y = X3 +¢, Let z; is for one individual and we have n individuals.
Suppose that there exists some Z = (z1, 23, ..., zn)T such that:

NE!

e plim, %ZTX = plimy, % zix] = FE (Zlsz) £3 2%
1

where ), is a K x K matrix with det (},y) #0

-
Il

Zi€; = E (Zl&‘l) £ ZZ& =0

e plim, %ZTE = plim,, %

&.
I

where ), _is a K x 1 vector and 0 is a K x 1 vector of zero (E (z;e;) = 0, Vi).

Then the variables z; are called instrumental variables.



a. IV HEstimator

We can easy get the IV estimator B v of B

-~ -1
Brv

(Z27X) " Z"y
(Z27x)"" 27 (XB +e)

-1
B+ (1ZTX> <1ZT€)
n n

So 1
. —~ . 1 T B . 1 T
pllmnﬁjvzﬁ+ phmn EZ X phm" EZ €
By WLLN,
1 4 o1 T T
plim,, ﬁZ X = phmngzi 2l :E(’Zimi ) :ZZX
.1 4 o1

plim,, EZ e = pllmnﬁzizifi—E(Zigi)—zzs_o

Therefore,

plim, B,y =0

So IV estimator is a consistent estimator of 3.

b. Method of Moments Interpretation of IV estimator

From the proof of the consistent of IV estimator, the key property is
E (zigi) = ZZE =0
The property of IV solves the problem exactly and EIV makes % > %€ = % D% (yl — :EiTEIV> =
0 hold, where g; = y; — szBIV'
c. Asymptotic Properties of IV Estimators
Suppose that E (z;e;) = 0, then by CLT
1

T 1 d

where ® = F (e72;2])

-1

By Slutsky Theorem, the product (ﬁ > zzx?) ﬁ >, zig; converges to the product of two

-1
1 1
(ZTX> (ZTe)
n n

1 T

4 N ey
- 0, ZZX ZZX

limits, i.e.,

\/E(BIV _5) =



e Consistent estimator for ),

—

1
zZX n i

e Consistent estimator for ® = E (e7z;2]) .

i
(T) o 1 ~2 T P
= — €iziz; — @
n i
This is known as Heteroskedasticity-Robust (Robust, White or Eicker-White) Estimator.

Under conditional homoskedasticity, i.e., E (E?|zl) = o2, then > simplified to

o =5* <1ZTZ)
n

~2 . . . . . —~

where 7° is any consistent estimator of o2, e.g., the unbiased estimator ﬁ > ;€ or the
. 1 ~

biaed one - . €.

(2) Over-Identified Case: Weighted IV

The over-identified points that the number of instruments is more than the number of endogenous
variables.

a. Instrumental Variables

Let z; be an [ x 1 vector with
E(Zi&'i): , > K

FE (zla:lT) = ZZX

where ), is an matrix with rank (3 ,y) = K <, )", is not invertible. Because of the
over-identified, the rank will be considered.
Note that by the CLT,

and

% Z Zi€; i’ N(O,VO)
Vo =E (l22])

Rank Review:

e The column rank of a matrix A is the maximal number of linearly independent column of
A. Likewise, the row rank is the maximal number of linearly independent rows of A.

Since the column rank and the row rank are always equal, they are simply called the rank
of A;

e The rank of an m x n matrix is at most min (m, n);

e A matrix that has as large rank as possible is said to have full rank.

10



b. Weighted IV Estimator

By ()= (7727 #72"y

—~ . . . ~ D
where 7 is an [ x K matrix with 7 —

~ -1
Bors = (XTX) X"y

—~ —1

By = (%TZTX) 7T 7Ty

Comparing BOLS with EIV (%), it is like instead of using X7 in the , and we are now using
71 ZT for the Brv, where T is a weighting matrix with rank K.

The weighting matrix can select a subset of K instrumental variables from [ instrumental
variables, or might form K linear combinations of these [ instruments. The only requirement
for the weighting matrix is it has rank K.

3. The idea of the weighting matrix is to approximate 7177 by zero. Note that we have K

unknown but | moment conditions. Therefore, not all [ moments can be exactly satisfied.

4. Not all [ moments can be satisfied. So a criterion function that weight them appropriately
is used to improve the efficiency of the estimator.

C. Asymptotic Distribution of Weighted IV Estimator
Naturally, the asymptotic distribution of /ﬂ\ 7v () depends on 7.
Vi (Brv = 8) % N (0,4)

where

A= (5,) v (F5,,)

d. Choice of an Optimal Weighting Matrix
What is the optimal weighting matrix mo?

mo = argminA
-1
= argmin [(71'(7; ZZX) 7 Vomo (Wg ZZX) }

That is, the optimal 7y minimize the asymptotic variance of B v
The optimal m§ is

-1

~ 1
so= Vit =Z2TX
o 0 (n )
~ 1
1 ~2
Vo R iEiziZz‘T

This gives the IV estimator that has the smallest asymptotic variance among those that could
be formed from the instruments Z and a weighting matrix 7.

11



(3) The GMM Representation of Weighted
I\Y

The Generalized Method of moment estimator is the best estimator which solves the sample
analogue of the population moments

0=F (7TTZi (yl — zzTB))

(4) GLS Representation of Weighted IV

y = XB+e¢
= Zly=7"Xp+7%¢
1 1 1
= —7Ty=—"7"Xxp+ =27
N AR AR
or the transformed model _
y=XpB+¢
here 7y L zt
w = —F
Y Tnly
S 1
X = —=7"'X
vn
- 1
e = WZTE
Note that -5 N (0,Vp) by CLT. Then,
~ ~ o~ ~\ —1 <.~ ~
Bars = (XTVO_IX) XTVo_ly

-1
1 S 1 .

= <XTZV01ZTX> (XTzvol) ZTy
n n

Comparing By with B, (weighted),

-1
~ 1 ~ 1 -
Bars = <nXTZV012TX> (nXTzvol) Zy
—~ —1
By = (%TZTX) #7727y

The difference is instead of %XTZIA/O_l using 77, or 170_1 (%ZTX) using 7.

This also suggests that the optimal weighting matrix 7 should be 7 = V! (£Z27X), where

~% D _
A=V Y
ZX

and Bopg = By under the optimal weighting matrix 7.

12



(5) 2SLS Interpretation of the (Optimal)
Weighted IV Estimator

1. Calculate BQSLS
y = X5+5
X = Zn4+V

First Stage:
Regress X on Z using OLS, and we can get

7 = (Z272) ' Z2"x
X = zz

= 7(Z2) 27X
HzX

where Hy = Z (Z272) ™" Z7 and E (¢|Z) = 0
Second Stage
Regress y on )?, i.e.,
yi = xzib+e
el = ei+(wi—7) B
and by construction E (¢]|z;) =0

Then we have
-~ ~ ~\ — 1~
Basrs = (XTX) XTZU

_ -1 —
(x72(2"2) " 2"X) x"z(2"z)"

ZTy

= (XTH;X) ' XTHyy
since Hyz is idempotent matrix.

2. Interpretation:

(a) we can write the 2SLS estimator as
~ oo\ ! op
Basrs = <X X) Xy

That is, X is used as an instrument for X.

(b) Alternatively, we can write as before
~ oo\ op
Basrs = <X X) X'y

i.e., LS of X on Y.

13



(c) we can write
—~ ~ ~\ 1~
Basrs = (XTX> XTy
where § = Hzy, that is, residual regression of 7 on X.

3. Asymptotic Distribution of 2SLS Estimator.

Vn (BQSLS - 5) 4N (0,A25L5)

where:

T —1 T T -1
(a) Aasrs = (ﬂ'o sz) 7o Voo (ZZX 7T0)

(b) [/0 is the asymptotic variance of 7\/152 9
—1 ZTe SN (0, Vo)
\/ﬁ o

(c) mo = plim, (272) " 27X = (plim, £272) ™" (plim, L27X) = ¥, ¥/«

So the asy. covariance matrix of a 2SLS estimator is

M= (S0,5,05,) SLS WS (SL,)

Z7Z ZX

Under conditional homokedasticity disturbance, Vo = o> Yogg = 0227 Z, Thus

Assis = o (Z; > ZZX) .
=L (yad) (o) 2

For the estimation of o2 we use X, NOT X. We do use X only in ()?T)?>

R (YY)

and

-1

Note that

Thus,
~ A o [y -1
Basrs ~ N (ﬂ,Uz (XTX) )

4. We know that

~ _ -1 _
Boss = (XT2(272) 2'x)  (x7z(272) ") 2"y
~ ~ -1 ~

Bors = (XT2V;2"x) (X720t 2"

The 2SLS formula is very similar to GLS, just replace (ZTZ)_1 in the 2SLS formula with
Vo—l

14



5. In the homoskedastic case where Vy = 02", we have asy. variance of BQ srs equals to
the asy. variance of S5 g. But, in general,

Var (BGLS) <Var (BQSLS)
if 1 ]
7 21 zig; — N (0, Vp)
Vo=F (ElezzT) = 02E zl =q? ZZZ

that is to say, under heterokesdasity, GSL estimator is more efficient than 2SLS estimator
even though they are both unbiased.

6. the optimal weighted IV estimator is
> ~xT T -1 ~xT T
/BOptimalIV = (ﬂ- Z X) T Z Yy

T Vit (TllZTX)

if one makes the conditional homoskedasticity assumption, i.e.,

Vofazz =o2Z"7

the optimal IV estimator is
3 Lot 2 o T 2
Boptimatrv = (nX Z(U g ZZ) Z' X X Z(o § ZZ)
-1 -1
T T T T
(X Z(§ ZZ) ZX> <XZ >Zy

(x7z(z72)" ZTX)_l (x7z(272)" ) ZTy

-1

= Pasis
Under conditional homoskedasticity,
ﬂOptimalIV = 52SLS = BGLS

As 6. showing above, the 2SLS estimator will no longer be best when the scalar covariance
matrix assumption E (g;e] ) = o[ fails. In general, Var (6GLS) < Var (BZSLS) . But
under fairly general conditions it will remain consistent.

(6) 3SLS (Feasible 2SLS)

In practice, to obtain GLS estimator, one needs to have a consistent estimator V of V. This can

be done in 2 steps.
STEP 1

15



Estimate Bz srs and retrieve the residuals

g = yi — XiBasrs,

then use g; from 2SLS to form
~ 1 .
V=-— Elez
n i

T

STEP II
Find a Cholesky transformation P satisfying PVPT = 1, then make the transformations

=Py, X=PX, Z=(P") ' 7
and do a 25LS regression of y on X using Z as instruments.
~ ~ -1 ~
Basrs = (XTZV—lzTX) xXTzv-177y

B3SLS is also called 3 feasible 2SLS.
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